Abstract. The aim in the present paper is to give a weighted version of Koskela [Ark. Mat. 37 (1999), 291-304] concerning removable sets for Sobolev functions.
Introduction
Let R n (n b 2) denote the n-dimensional Euclidean space. We will often write a point x A R n as x ¼ ðx 0 ; x n Þ, where x 0 ¼ ðx 1 ; . . . ; x nÀ1 Þ A R nÀ1 and
x n A R 1 . We use the notation H a to denote the a-dimensional Hausdor¤ measure.
Recently Koskela [6] Now suppose E H R nÀ1 ¼ fx ¼ ðx 0 ; x n Þ A R n : x n ¼ 0g. If H nÀ1 ðEÞ ¼ 0, then it is clear that E is removable for W 1; p ðR n Þ. Koskela [6] gave examples of E such that H nÀ1 ðEÞ > 0 and E is removable for W 1; p ðR n Þ. Our aim in this paper is to extend his results to weighted Sobolev spaces. When E is restricted to subsets of R nÀ1 , we consider the weights of the form rðxÞ a , where rðxÞ denotes the distance of x from the hyperplane R nÀ1 , that is, rðxÞ ¼ jx n j for x ¼ ðx 0 ; x n Þ A R n .
For p > 1 and À1 < a < p À 1, let m a be the Borel measure for all j A C y c ðWÞ and 1 a j a n; ð1Þ
where C y c ðWÞ denotes the space of infinitely di¤erentiable functions with compact support in W.
Let Bðx; rÞ denote the n-dimensional open ball centered at x with radius r. When 1 < p < n, we say that E H R nÀ1 is p-porous, if for H nÀ1 -a.e. x A E there exist a sequence of positive numbers fr i g tending to zero, a number q > n À p and a positive constant C (depending on x) such that Bðx; r i Þ V ðR nÀ1 nEÞ includes a set G i of diameter R i satisfying ( i ) H where the infimum is taken over all countable covers of E by balls B i of radius r i . Notice that if E is p-porous in the sense of Koskela [6] , then E is p-porous in our sense, because (i) holds for q such that q ¼ n À 1 when 1 < p a n À 1 and q ¼ 1 when n À 1 < p < n. In his definition of porosity, the equality p ¼ n À 1 should be put in the first case to complete the proof of [6, Theorem 3.2] . For properties of p-porous sets, we refer the reader to the paper by Koskela [6] .
Our main result is the following.
If E is ðp À aÞ-porous, then E is removable for W 1; p ðR n ; m a Þ.
Our result gives a weighted version of Koskela [6, Theorem A] , where he considered Riesz decomposition of Sobolev functions and applied boundary limit result for p-harmonic functions. (His proof of [6, Theorem 3.2, p. 299-300] seems to use nontangential limit result instead of tangential one.) In the present paper we first study tangential limits of certain integral averages for Sobolev functions, in order to complete the proof of Theorem 1.
We also treat the case p b n þ a after finishing the proof of Theorem 1. In case p ¼ n þ a, condition (ii) of porosity will be changed to
Þ. For recent work on removable singularities for quasiconformal mappings, see also Kaufman-Wu [4] and Wu [11] .
Finally we would like to express our hearty thanks to the referee for his valuable comments.
Tangential limits of integral averages
Throughout this paper, let M denote various positive constants independent of the variables in question.
For a measurable function u on R n , consider the integral average over a measurable set F with respect to m a For a nonnegative measurable function f on R n , we define the Riesz potential Uf by
The second author [8, 9, 10] investigated the various boundary limits of Uf for f satisfying the weighted L p -condition: We say that a property holds ðp; aÞ-quasieverywhere, often abbreviated to ð p; aÞ-q.e., if it holds except on a set of ðp; aÞ-capacity zero.
Lemma 1. Let f be a nonnegative measurable function on R n satisfying (2).
Then
See [7, Lemma 4 and Corollary 2] for a proof of Lemma 1.
First we discuss the tangential limits of integral averages for Uf.
Uf ðyÞdm a ðyÞ ¼ Uf ðxÞ for every a > 0.
We refer to the following technical lemma [9, Lemma 4] needed for the proof of Theorem 2.
( where M is a positive constant independent of x and y.
Proof of Theorem 2. We give the proof only in case p < n þ a; the case p ¼ n þ a is proved similarly. For x A R n þ and y A Bðx; x n =2Þ, write 
:
Noting that x n =2 < y n < 3x n =2 and jx À xj=2 < jx À yj < 3jx À xj=2 when y A Bðx; x n =2Þ, we obtain uðyÞdm a ð yÞ exists and is finite for every a > 0, where u is a ð p; aÞ-quasicontinuous extension of
In view of Theorem 3 and Poincaré's inequality ([2]), we have the following result. Corollary 1. Let 1 < p a n þ a and À1 < a < p À 1. If u is a harmonic function on R n þ satisfying (5) for all N > 0, then u has a finite limit at x A R nÀ1 nðF ðj'ujÞ U E q ðj'ujÞÞ along the sets T g ðx; aÞ.
Remark 1. If u on Bð0; NÞ is changed by the right side of (4) with v ¼ u j Bð0; NÞ, then the limit in Theorem 3 is equal to uðxÞ for x A Bð0; NÞ V R nÀ1 nðF ðj'ujÞ U E q ðj'ujÞÞ, where ujA denotes the restriction of u to a set A.
Let E HR nÀ1 and u be a ð p; aÞ-quasicontinuous function in W 1; p ðR n nE; m a Þ.
Let u þ (resp. u À ) be a ðp; aÞ-quasicontinuous extension of ujR n þ (resp. ujR n À ) to R n . Notice that E is removable for W 1; p ðR n ; m a Þ if and only if u þ ðxÞ ¼ u À ðxÞ for H nÀ1 -a.e. x A E. Consequently, the following result, which characterizes the removable sets for W 1; p ðR n ; m a Þ, can be shown by using Theorem 3. 
Removable sets for weighted Sobolev spaces
Our aim in this section is to prove Theorem 1. For this purpose, we further need the following result. Then we have by Poincaré's inequality (see [2] 
for H nÀ1 -a.e. x AẼ E nF . Fix x AẼ E nF . Since u þ ðxÞ 0 u À ðxÞ, by considering a‰ne transformations, we assume that u þ ðxÞ ¼ 0 and u À ðxÞ ¼ 1. Further, we assume that the ðp À aÞ-porosity condition holds for x. Let r i , q, G i and R i be retained from the definition of ðp À aÞ-porosity for E at x, and take x i A R nÀ1 V Bðx; r i Þ such that
x n =2Þ uð yÞdm a ð yÞ tends to zero as x ! x along Tðx; aÞ for every a > 0, condition (ii) of ð p À aÞ-porosity implies that u þ Bð y i ; R i Þ a 1=8 with y i ¼ x i þ ð0; . . . ; 0; 2R i Þ for su‰ciently large i. Then we have by Poincaré's inequality
Using (7), (8) and R i a 2r i , we obtain ð
Hence it follows from condition (ii) of ð p À aÞ-porosity that ð
This implies that (6) holds at x. Now Theorem 1 is completely proved.
Remark 3. We can construct a ð p À aÞ-porous set E H ½0; 1 nÀ1 such that E is not removable for W 1; q ðR n ; m a Þ when q < p as in Koskela [6] .
The case p b n þ a
For later use, we need the following result, which can be obtained with a slight modification of the proof of Theorem 2. 
x n =2Þ uðyÞdm a ðyÞ tends to zero as x ! x along V ðx; aÞ for every a > 0, condition (ii) implies that u þ Bð y i ; R i Þ a 1=8 with y i ¼ x i þ ð0; . . . ; 0; 2R i Þ for su‰ciently large i. Then we have by Poincaré's inequality
Using (10), (11) and R i a 2r i , we obtain ð
This implies that (9) holds at x. Now Theorem 4 is completely proved. 
:
In the last inequality, we used the assumption that p > n þ a. Moreover, for all x 0 ; y 0 A R nÀ1 . Thus Proposition 5 is proved.
